We present a rational learner agent, which considers the information coming from a behavioral counterpart during the allocation process. The learner agent adopts a herding behaviour by conditioning her choice on the selection of the portfolio's constituents. The considered framework has therefore two types of agents with two different utility functions: the rational agent with a hyperbolic absolute risk aversion (HARA) utility function and the other one with a general behavioral utility function. We use the concept of performance measure related to utility functions to define agents' preferences: the higher the measure, the higher the expected utility of a given asset. The rational learner agent updates her information in a Bayesian manner similarly to the Black-Litterman model, which makes use of a weighting factor in blending the two components. We support our methodological framework with an empirical analysis including all the assets present in the NASDAQ and NYSE stock exchange from
Introduction
The main goal of decision theory is to determine how individuals should decide and to explain how they actually decide. In particular, while the prescriptive approach indicates how a rational choice should be made, the descriptive one models how the decisions are effectively made. By focusing on the latter approach, it is possible to observe individuals that systematically deviate from what the prescriptive method defines as rational: this approach is called behavioral. According to the efficient market hypothesis, if agents are rational and there are no frictions in the market, the security's price will reflect all the available information, and it will be equal to its fundamental value without allowing for arbitrage activities. In other words, if the market is efficient, a profitable trading strategy that would allow obtaining risk-adjusted excess returns above the market returns would not exist. On the basis of this assumption, classical financial economists such as Friedman (1953) assert that pricing anomalies cannot exist, 1 because if there would be some mispricing, this would imply a de facto arbitrage that rational investors would immediately grasp. Consequently, the mismatch would instantaneously disappear. However, Lamont and Thaler (2003) , amongst many others, have shown several empirical violations of the law of one price, proving the existence of arbitrage opportunities in the stock market. On the other hand, Malkiel (2003) argues the possibility that some investors are less rational than others, and thus, pricing irregularities and predictable patterns could occur in the market. Nevertheless, these patterns of irrationalities in the pricing are unlikely to continue and, at the end, they will not reward a significant risk-adjusted excess return. 2 Moreover, as reported by Hommes (2006) , in an efficient market, assuming that all agents are rational and have a perfect common knowledge of all the available information, there should be no trade. Summing up, the classical theory asserts that the absence of an arbitrage opportunity ensures that the prices are correct, and then the market is efficient. Conversely, according to the behavioral approach, deviations from the fundamental value are due to the presence of some agents that do not act in a fully rational way. From a different point of view, we might think that a mispricing could be present in the market, but its search could be too complicated for a rational investor and unattractive because of implementation costs (D'Avolio, 2002) . Both types of agents, rational and behavioral, can be present in a market. This calls for appropriate modeling framework, allowing for heterogeneous agents, an area extensively discussed in the economic literature (see Hommes, 2006 , for a complete survey). The different types of agents are usually distinguished on the basis of their expectations about the future asset returns. De Long et al. (1990) differentiate noise traders from sophisticated traders. The first ones (i.e., as technical analysts and stock brokers) incorrectly rely on their information. Sophisticated traders, instead, exploit these false perceptions by adopting a herding or contrarian behaviour. Zeman (1974) introduces a fundamentalist versus a chartist model. Fundamentalists trade on the basis of the market fundamentals and economic factors, while chartists base their trades on observed historical patterns in past prices. In Grossman and Stiglitz (1980) , agents are divided into informed and uninformed. Since information is costly, prices cannot perfectly reflect all the available information in the market. The purpose of heterogeneous agent models is to explain stylized facts observed in financial markets, such as the random walk evidences, the absence on autocorrelations of asset prices, the fat tailed distribution of returns, and the well-know long-range volatility clustering (i.e., slow decay of autocorrelation of squared returns). In this paper, we consider a novel framework for heterogeneous agents: a risk-averse agent equipped with a hyperbolic absolute risk aversion (HARA) and a behavioral counterpart who is endowed with a piece-wise linear plus power utility function. The aim is to propose a rational learning model where the HARA investor, in making her investment choices, considers the information coming from the behavioral counterpart. We define rational learning as the process undertaken through Bayesian updating of the prior beliefs provided by HARA agent's utility function given the presence of the behavioral counterpart. The main goal is to investigate this component's effect in terms of utility function on asset evaluation during the asset selection process. In this respect, we use the concept of performance measure, as derived from a utility function, where the higher the measure, the higher the expected utility provided by a given asset. In order to maintain a coherence between the two agent's views over the assets, we consider the generalized Sharpe ratio of Zakamouline and Koekebakker (2009b) , as the benchmark performance measure for a rational investor, while for the behavioral agent we use the Z-ratio developed by Zakamouline (2011) , starting from a general behavioral utility function. The measures proposed in the mentioned papers have been both obtained by following and exploiting the maximum principle approach introduced by Pedersen and Satchell (2002) . In that paper, the authors define the optimal allocation between a risky and a risk-free asset in a single-period horizon. The solution of this allocation, which provides the maximum expected utility, is an increasing function of a quantity that can be viewed as a performance measure. Therefore, the maximization of the performance measure is equivalent to the maximization of the utility function. Following the Bayesian approach, the model we introduce, used by the rational investor to blend the two different evaluations (described by the performance measures), is analogue to the approach followed by Black and Litterman (1992) . From the the rational investor's perspective, the prior evaluation represents her view, while the conditional part represents the behavioral component. Further, the posterior provides the aggregated expectation according to the relevance given to the behavioral information. In our model's application, the rational learner adopts a herding behaviour and test if conditioning her choice towards a behavioral direction improves the selection amongst the assets in terms of cumulative returns and other ex-post performance evaluation criteria. 3 In other words, if the rational investor's choice is influenced, up to a certain degree, by the views of other type of agents present in the market, we deduce the rational investor is acting in a sophisticated way. In fact, the rational agent implicitly considers the aggregated evaluation coming from the different utility functions as the best way to select amongst the assets for the next period. Beside introducing out heterogeneous agent's framework and the approach for blending rational and behavioral views, we also introduce a criteria to evaluate the relevance of the behavioral views. Further, assuming the presence of different behavioral agents in the market, each characterized by different designs of the utility function, we also provide a methodology to determine if one type of agent has prevailing views in the blending process. Finally, we set an optimizing criterion for the weighting function of the behavioral component in absolute (weight on rational) and relative (weight of each behavioral agent type) terms. We support our methodological contribution with an empirical example. We focus on the weekly data for all the stocks present in the NASDAQ and NYSE stock exchange from September 1972 to December 2014 (including also dead assets to avoid survivorship biases). Our findings show that the heterogeneous agents model is able to promptly react at the market momentum, providing an improvement in the selection of the portfolio constituents, and therefore showing the potential benefits for a sophisticated investor. The paper is organized as follows. In Section 2, we illustrate the two heterogeneous agents. In Section 3, we present the rational learning model following the Bayesian approach similar to that of Black-Litterman. In Section 4, we define the optimizing criterion for the weighting function of the behavioral component. Finally, in Section 5 we perform the empirical analysis.
Rational and behavioral agents
We consider two agents with different utility functions. The first decision maker is equipped with a HARA utility function, and the second with a behavioral utility function. Generally, recalling Zakamouline and Koekebakker (2009a) , we define a behavioral agent as a decision maker who discriminates between an outcome above (gain) and below (loss) a reference point. Consequently, the investor's utility function behaves differently in the domain of gains and in the one of losses with a kink at the reference point. The main difference between the two agents can be explained by their different risk attitudes: the rational investor is risk-averse in all the domains of the utility functions while the behavioral investor might show different risk preferences. Examples are the risk aversion in the gains and risk-seeking in the losses, as in the S-shaped utility function by Kahneman and Tversky (1979) .
The HARA utility function
We consider expected utility theory as the rational investor's reference for the optimal decision making. 4 In this setting, the agent's risk-aversion is associated with the concavity property of her wealth function. Let's consider a general class of utility functions, concave, everywhere differentiable,
where the absolute risk aversion is
The utility function reduces to the quadratic utility when ρ = −1, to the negative exponential utility function described by constant absolute risk aversion (CARA) when b = 1 and ρ → ∞, and to the logarithmic described by constant relative risk aversion (CRRA) when b = 0 and ρ > 0. As reported in Zakamouline and Koekebakker (2009b) , the CRRA utility function provides a performance measure consistent with a market equilibrium. This utility function is defined as,
where ρ measures the degree of relative risk aversion. Mehra and Prescott (1985) indicate a ρ around 30 to be consistent with the observed equity premium in the financial market. For high values of ρ, Zakamouline and Koekebakker (2009b) highlight that the relative preferences for the moments of the distributions are closed to ones related to the CARA utility function. Following the authors and for computational convenience, we consider the CARA instead of the CRRA utility function,
where λ represents the coefficient of risk aversion and W the investor's wealth. The two-fund separation theorem states that all the investors with the same prior beliefs, independently from their risk aversion, will invest in the same portfolio of risky assets. Sharpe (1964) and Lintner (1965) show that this portfolio is efficient one and represents the core of the formulation of the Capital Asset Pricing Model (CAPM) in a mean-variance world. Cass and Stiglitz (1970) demonstrate that if all investors in the market have a HARA utility function with the same exponent, the two-fund separation principle still holds. Shefrin and Statman (2000) developed a behavioral portfolio theory (BPT) consistent with the Friedman and Savage (1948) puzzle, and show that the mean-variance frontier and the BPT do not coincide. Moreover, the two-fund separation theorem does not hold in their portfolio theory. In our model, we deviate from the traditional approach and we separately evaluate each asset in terms of its utility function contribution. Hence, we refer to a single risky asset instead analysis of a portfolio composed of risky assets. We motivate such a choice with the need of comparing the two agent's views over the assets. Therefore, the evaluation of each risky asset utility will allow creating an ordering, a ranking, of risky assets. However, this is not impacting on the rational utility framework, as this corresponds to the limiting case in which the investor is willing to include a risky component in its capital allocation but her choices are limited in that she can select only one risky asset. Therefore, the investor could evaluate the expected utility associated with the investment in each risky asset (separately considered) and then produce a rank allowing to identify the best asset. In this process, any time the investor evaluates the expected utility given by a risky asset, she consider the expected value of the future wealth, obtained by combining the risky asset with the risk-free asset. We stress that the fraction of wealth invested in the risky asset is unknown and must be determined. According to the maximum principle, the optimal fraction of wealth invested in the risky asset is proportional to a performance measure; the higher the performance measure, the higher the maximum expected utility for the investor. Note that such an evaluation is repeated for each risky asset. Therefore, the asset with the highest performance measure is the best asset. In other words, the ranking across risky asset can be based on performance measures without any loss of generality. The mean-variance proposed by Markowitz (1952) can be considered a particular case of expected utility theory when the financial returns are normally distributed. In fact, the Sharpe ratio provides the optimal solution for the maximization of the expected, utility since the distribution of returns is completely described by the first two moments. In this regard, let's consider an investor endowed by a wealth W at the beginning of a period t 0 , where a is the amount of wealth allocated in a risky asset x and the remaining w − a, the part allocated in the riskless asset r f . At the end of the period t 1 , the investor's wealth will bẽ
The investor's objective is to maximize the wealth according to the choice of a,
and therefore the maximized expected utility will be
It is worth noting that a * is independent from the investor's initial wealth, and we can treat q as a fixed quantity.
By setting x 0 = w(1 + r f ) as in Zakamouline (2011), we can approximate the expected utility using Taylor's series,
and by the first order condition (FOC),
we obtain that the Sharpe ratio is proportional to the quantity that maximizes the expected utility function,
As shown by Gatfaoui (2009) , when there is a departure of risky asset returns from Gaussianity, the ratio begins to be biased, both in the measurement and in the ranking amongst the assets. Therefore, several authors started to consider alternative performance measures, more robust to non-normality evidences. Cherny (2003) and Zakamouline and Koekebakker (2009b) , amongst others, propose an improvement of the ratio with the inclusion of higher moments. In particular, the authors propose a parametric Sharpe ratio adjusted for skewness and kurtosis, assuming the normal inverse Gaussian (NIG) as the underlying probability distributions of the financial returns. This probability density function is particularly suitable for distributions with fat tails. Alternatively, using a non-parametric methodology, both authors followed the Hodges (1998) conjecture by deriving a generalized Sharpe ratio (GSR). 5 Recalling the maximization of the expected utility,
wheref h (x) is the estimated kernel density function of observed returns. The GSR is obtained by the numerical optimization of the expected utility, obtaining:
Notably, such an approach takes into account all the empirical moments of the returns probability distributions, being thus robut to deviations from Gaussianity. We consider the GSR ratio as the performance measure adopted by the rational investor to rank assets. Finally, it worth noting that the GSR approaches the standard Sharpe ratio when the underlying distribution of the risky asset is close to the Gaussian distribution.
The behavioral utility function
As mentioned above, a rational investor should behave as described in the expected utility theory. Nevertheless, the presence of people who systematically deviate from this behaviour is commonly observed. 6 Empirical analyses on stock market data has shown that prices present an excess volatility, compared to what we might expect given the dynamics of their economic fundamentals (Cutler et al., 1989 , See for example). Another important stylized fact is clustered volatility, where asset price movements are characterized by periods of high volatility and by periods of low volatility. 7 These examples enforce the hypothesis of the presence of non-rational and heterogeneous agents. In a behavioral framework, the investor's utility function behaves differently in the domain of gains and in the one of losses, with a kink at the reference point; as an example a behavioral utility function might have the following form
where U + (W ) is the utility function when the investor's wealth W is above the reference point W 0 , and U − (W ) is the utility function when the investor's wealth W is below the reference point W 0 . Zakamouline (2011) introduced a generalized behavioral utility function characterized by a piecewise linear plus power utility function,
where W 0 is the reference point, 1 + and 1 − are the indicator functions in {0, 1} which define the linear part of the utility, γ + and γ − are real numbers that model for the shapes of the utility, and the parameters λ > 0, α > 0 and β > 0 are real numbers. This utility function is continuous and increasing in wealth with the existence of the first and second derivatives, with respect to the investor's wealth. Under some conditions and by using the maximum principle, Zakamouline (2011) derives the Zratio, the performance measure which maximizes the utility function; thus having the same role of the GSR for the representative rational investor. The expected generalized behavioral utility function can be thus replaced by a function of mean and partial moments of the returns,
where x is the returns series of the asset and r is set to the risk-free rate, LP M and U P M are respectively the lower and upper partial moments as defined by Fishburn(1977) ,
where n is the order of the partial moment of x at a given threshold r, usually the risk-free asset r f , and F x (·) is the cumulative distribution function of x.
The behavioral utility function of Zakamouline (2011) , see equation (15), allows modelling several different preferences of a behavioral decision maker. In fact, we can obtain several behavioral types of utility through the calibration of the function parameters. Consequently, we can easily shape the concavity and convexity in the domain of gains or losses. We consider here four different cases which recall some well-known behavioral utility functions. We label them in the same way as Zakamouline and Koekebakker (2009a) .
• behavioral I is the Fishburn's utility function. The agent equipped with this utility is risk averse in the domain of losses and risk neutral in the domain of gains.
The parameters are set as follows:
Notably, the Sortino ratio is the measure that maximizes the utility function when the risk aversion λ is equal to 1; see Sortino and Price (1994) .
• behavioral II is analogous to the the utility function used in the prospect and cumulative prospect theories. In this utility function, the decision maker exhibits loss aversion, which is defined in a local sense around the reference point (Köbberling and Wakker, 2005) . 8 The risk aversion coefficients equals
where we have the left derivative in the numerator and the right derivative in the denominator . If λ is greater than 1 the individual exhibits loss aversion. The parameters are set as follows:
• behavioral III relates to the disappointment theory (DT) introduced by Bell (1985) . The decision maker experiences disappointment when an outcome is worse than expected (the reference point). Conversely, when an outcome is better than the expected one, a magnification is generated. The utility function is concave below the reference point and it can be convex above. The parameters are set to:
• behavioral IV is the utility where the decision maker is equipped with piece-wise power utility function with non-linear parts. The parameters are set to:
The existence of a solution to the optimal capital allocation requires that β > α; therefore, the investor does not show loss aversion. Zakamouline (2011) shows that the performance measure that maximizes their utility function is given by the Farinelli-Tibiletti ratio, see Tibiletti and Farinelli (2003) .
It is worth noting that the general behavioral utility reduces to a quadratic utility when λ = 1, α = β = 2 and γ + = γ − > 0. If returns are normally distributed, the CRRA, the CARA and the quadratic utility are maximized in the function of the Sharpe ratio measure. Therefore, when returns converge to normality, we can relate the rational investor to a peculiar case of the general behavioral utility function. This fact confirms the appropriateness of the two types of utilities. In Figure 6 we provide examples of the shape of the rational and behavioral utilities we consider.
A Rational Learning Model
The aim of the model is to blend the assets selection by the rational investor with the choice of the behavioral counterpart. This combination is done by conditioning the rational choice on a behavioral ordering where the evaluation is performed in terms of expected utility. If the rational investor modifies her choice by taking into account a behavioral selection in the market, then, up to a certain degree, she acts in a more sophisticated way. In fact, this agent is adopting a herding behaviour in order to improve her investment. Herding behaviour is the tendency of an investor to abandon her own information in order to mimic the behaviour of other investors. This agent considers implicitly the aggregated evaluation coming from the different utility functions as the best way to perform the optimal selection amongst the assets, with a "one step ahead" horizon. In practice, the more weight is given to the behavioral component, the greater is that component's relevance for the rational investor. The two extremes are the limiting cases where the mixed selection collapses into one of the components. As reported in Forbes (2009) , if investors are not irrational and are learning to invest better, their learning process takes place in accordance with the Bayes' rule,
Therefore, the most appropriated way to obtain the aggregated measure is using the Bayesian approach. We conjugate these two components analogously to the model proposed by Black and Litterman (1992) . We place our perspective on an investor with the HARA utility function, which is considered the benchmark for the rational investor in the expected utility framework. Hence, the generalized Sharpe ratio is the measure used to evaluate the assets in terms of this utility function. This is our prior distribution leading to a rational ranking of assets. We assume for simplicity that the rational investor is myopic by ignoring that other agents are also engaged in a dynamic learning process. The general behavioral utility function represents the additional information used along with the prior distribution to infer the posterior one. The Z ratio from Zakamouline (2011) is the measure coming from this utility function. We structure the model in a similar way as that of He and Litterman (2002) where the main difference is due to the functional transformation of the returns through the performance measures. Consequently, the aggregated performance measure is defined by the posterior distribution.
The model
Generally, we consider the performance measure of an asset as a random variable independently and identically distributed,
We are interested in identifying the assets i with the highest values of the expected P M i as those representing the best opportunity for the investor in terms of utility function. In performing this choice, we start from a prior distribution for µ, which is assumed to be normally distributed when centred to the generalized Sharpe ratio obtained from the optimized expected utility function,
where ε is a normally distributed error with mean equal to zero and variance, τ σ 2 . As in the Black-Litterman model, τ represents the uncertainty on the prior density. The higher the τ , the higher the uncertainty given to the prior density. Conversely, the closer τ is to zero, the lower is the variance of the prior density, and therefore the lower the relevance given to the conditioning information represented by the behavioral component. The parameter τ is defined in [0, ∞].
If we assume a coexistence between a behavioral and a rational component in the market, it is reasonable to expect an improvement in a ranking that merges the points of view, either from a return perspective, from a risk view, or from a performance evaluation analysis. The conditioning information coming of the general behavioral utility function can be of different form, according to the shape given to the utility in terms of gains and losses preferences. If we consider the behavioral types of utility as described above, we have four different types of investors. We assume thus that different behavioral investors are jointly active in the market and the rational investor accounts for their joint presence. Generally speaking, we can have k different behavioral views (as in the Black-Litterman model). Those, similarly to the B&L model, are linearly combined with a selection vector. The latter, in our case, collapses to a k-dimensional vector of ones, named P. Moreover, we denote by Z γ − ,γ + ,λ,β,1 the k-vector of the behavioral measures that we declined from the Z ratio. We thus have the following quantities:
where we have the four different Z ratios associated with the four declinations of the behavioral utility function defined in Section 2.2. The mean of the behavioral measures is centred to the Z ratios plus an error term normally distributed with zero mean and variance matrix Ω:
We assume that ǫ and η are independent,
and with an application of the Bayes theorem, similarly to Black and Litterman (1992) , the aggregated expectations (behavioral and rational) are distributed as a normal with mean µ p and covariance matrix M p , with the following analytical expressions
and
where, µ p represents the aggregated expected performance measure coming from a mixture of the two components: the first from the HARA type utility function and the second from the behavioral utility functions I to IV. Thus, µ p can be used as a performance measure to rank the investment universe blending the rational and behavioral perspective.
Calibrating τ and the weight of the behavioral components
Since the (rational) agent is learning looking at the other (behavioral) agent types according to the Bayesian framework, we need to calibrate the weight of the behavioral component (the conditional) by tuning the uncertainty on her prior beliefs. Moreover, in order to act in a more sophisticated way, the rational learner agent should also calibrate the relative weight of each component, the various behavioral views. In fact, in a particular market momentum, one of the considered behavioral agents could be more (less) relevant with respect to the others. More importantly, this prevent us to impose a specific structure on the model (for example attributing the same weight to each agent). In this regard, we reformulate equation (20) as
where Θ = (θ 1 , θ 2 , θ 3 , θ 4 ). Finally, the rational learner agent should optimize τ and Θ according to a specified criteria. The chosen criterion is to weight the conditional component (and the relative weight of each behavioral component) using the past performances in terms of cumulated returns,
where r p,l is the time l return of an equally weighted portfolio, and m represents the time range for the portfolio evaluation (from time t − m + 1 to time t). The portfolio is composed of the best-performing equities, according to equation (23). This criterion function can be interpreted as risk neutral, since we are focusing only on the first moment. Let A t (τ, P(Θ)) be the set containing the M best assets selected across the K assets included in the market (with M << K) at time t. This set depends on τ and Θ, as a change in these parameters modifies the rankings produced by the agents. The set is also a function of time, given that the impact of the behavioral choices might change over time. Therefore, we represent the portfolio returns as
where r j,l is the return of asset j at time l; we stress that the index j varies from 1 to K, although only M values are included in the set A t (τ, P (Θ)). Given the dependence on τ and Θ of the bestperforming asset set, the portfolio's cumulative return in (25) is also a function of both parameters. The optimal choice of τ and Θ is determined by maximizing the portfolio returns, that is,
As previously noted, we are considering an equally weighted allocation scheme across the best assets. This choice is clearly restrictive, but it allows limiting the impact of the portfolio weights estimation error and it has been shown to be preferred over optimal weighting schemes by DeMiguel et al. (2009) . The optimal τ * and Θ * provide the maximum cumulative return obtained by investing in a subset of risky assets traded in the market and making decisions by blending the rational and behavioral rankings. Consequently, the estimated τ * represents the relevance of behavioral choices or, conversely, the reliability of the rational rankings. The methodology for the optimal criteria investing in a subset of risky assets from an investment universe is similar to the one adopted by Billio et al. (2012) . Looking at the estimated optimal parameters, a high value of τ * implies that, to obtain the optimal return, the rational investor should have corrected her choice towards a behavioral direction. On the other hand, a low value of τ * means that the investor should make decision according to her prior rational rankings. The parameter Θ * represents the optimal weight given to each behavioral agent and it lies in the domain [0, 1]. The criterion function enables us in some sense to weight the components, rational versus behavioral, through τ . Moreover, by solving (27) over multiple samples, we obtain a sequence τ * t that gives further insight into the fluctuation and evolution of this factor. We see the choice of this criterion function as natural since it focuses only on the expected return of the given portfolio, that is, a risk-neutral evaluation. Caporin et al. (2014) in an analogous framework considered the rational and the behavioral agent equipped with an S-shaped utility function. Their analysis is focused on the financial interpretation of τ and it is based on the S&P 500 market.
Blending rational and behavioral ranking in the US market
Our purpose is to apply the model to an investment universe composed by a large number of assets. We want to compare the different strategies, behavioral, rational and the Bayesian blending, by building portfolios based on the k < n selected constituents. The portfolios we compare stem from the ranking provided by the performance measure in terms of the utility of the rational investor (the generalized Sharpe ratio), the one based on the behavioral agent (the Z ratio) and finally, the one from the rational investor conditional to the behavioral component. We stress the portfolios are equally weighted in order to focus on the agents' selection, to avoid possible corner solutions obtained by utility maximization, and to avoid the impact of weights estimation error.
The dataset
Our investment universe is given by the full list of quoted stocks on the NASDAQ and NYSE from September 1972 to December 2014 for a total of 15, 790 assets. Dead series are also included in the dataset. We handle the delisting and merger and acquisition of a stock by assuming that if the investor has selected this stock, she would have disinvested the asset during the last period of its quotation in the market. The series have been downloaded from Datastream at a weekly frequency. We also recover a proxy of the risk-free asset, the US Treasury 3 Month Bill rate. In a first evaluation, we refine the investment universe a priori by excluding the asset with a lower market value in order to mitigate the liquidity risk. The level of exclusion is fixed at 50%; Figure 2 shows the final number of assets for each period. We build the benchmark for market comparison as a value weighted (equally weighted) index based on the investment universe considered at a given time t. Since the number of assets in the investment universe is time varying, it follows that the number of selected constituents k changes according to n t .
Model settings and estimation
We apply the model on rolling windows of 240 weekly returns to take into account the timevarying structure of the series (Zivot and Wang, 2007) . The rolling window is moved forward by one week at each iteration. Hence, an asset enters the valuation process when its time series is longer than the dimension of the bandwidth. The dimension of the invested portfolio k represents a fraction α of the investment universe n t in order to take into account its expansion through time as showed by Figure 2 . In this regard, we set α equal to 25%. 9 We report in Figure ( 4) the number of portfolio constituents for the sample. On each rolling window we estimate the performance measures (GSR and Z ratios), then we estimate their variances in equation (22) using a block bootstrap procedure (Lahiri, 1999 ) with a block of dimension 16 in order to consider the potential time dependence among the returns. The bootstrap procedure has been applied to the returns, measures have been computed for each iteration and then the variances have been obtained. Once the variances are obtained, we proceed with the estimation of τ and Θ through the maximization in equation (27) . Finally, after calculating µ p , we rank the investment universe and we select the k assets with the highest values as portfolio constituents. The sequential estimation have been implemented in Matlab and takes approximately 138 hours for 532,593,120 iterations on a cluster multiprocessor system which consists of 4 nodes; each comprises four Xeon E5-4610 v2 2.3GHz CPUs, with 8 cores, 256GB ECC PC3-12800R RAM.
In-sample results
In this section, we discuss the estimation of the optimal τ * t and the weights of each behavioral agent type, Θ * . Figure 3 shows the dynamic of the τ * t from September 2, 1977 to December 19, 2014. The estimated factor is stationary in mean until March 2013, after that we have a change since the τ * t approaches zero, which means that the rational learner agent should remain completely on her prior beliefs in evaluating the market's assets. This can be observed also in Figure 6 , which shows the estimated optimal weight Θ * of each behavioral component through the sample. Until 2003, the predominant weights are constituted by the Fishburn (Z1) and Farinelli-Tibiletti (Z4) agent. After that period, the dynamic on the behavioral components changes. In fact, we can observe a similar dynamic of the τ * t on the weight assigned to the agent equipped with a Fishburn utility function (Z1), which approaches to one after March 2013. Clearly, the dynamic of the estimated parameters show that the model is "working" and therefore the learner process if profitable for the rational agent in terms of cumulative returns if she is conditioning her beliefs toward the direction of other agents. If there are no gains in the conditioning, τ converges to zero, as shown in Figure 3 from March 2013. To investigate the degree of similarity among the rational agent with and without the learning process, we compute a concordance index (CI) to highlight the common selection in terms of assets. That is, we want to compare the rankings and the optimal selection made by the rational agent when she does/does not account for the presence of behavioral choices in the market. We thus compute the following index
where I RL , I GSR are the set of selected assets for two strategies GSR and RL, | · | indicates the cardinality of the set, and M (α) is the number of selected assets as a function of the chosen fraction of the investment universe. Figure 5 shows the concordance index, which approaches one when τ * t move toward zero at the end of the sample period. This confirms the coherence of the model. In fact, at the end of the sample, the rational agent's posterior collapses on the prior and therefore the two selection coincides. From the rational learner agent perspective, the change in τ * has a clear meaning: the agent is not conditioning her choice since she obtains a higher cumulative return without conditioning. However, the economic and financial interpretation of this variation in τ is not immediate. One possible explanation could be represented by the adaptive market hypothesis (AMH) proposed by Lo (2004) . If we consider the market as an evolutionary system where participants interact and evolve dynamically according to intrinsic rules of economic selection, changes in τ * t and Θ may explain part of this evolution. In fact, profit maximization, utility maximization, and general equilibrium are relevant aspects of market ecology (Lo, 2004) . Hoffmann et al. (2013) combining monthly survey data with trading records document significant swings in trading and risk-taking behavior during the 2007-2009 crisis, which are driven by changes in investor perceptions. As robustness check, we test if the volatility of the τ parameter is driven by some factors such as the market returns, the volatility of the market or simply by the dimension of the investment universe. In this regard, we estimate the volatility of τ * t using an ARFIMA(1,d,1)-FIGARCH(1,d,1) model and the market volatility using a FIGARCH(1,d,1) on the value-weighted index. 10 Table 1 reports the estimation results and Figure 7 shows the estimated volatility of τ * t . Clearly, market returns and market volatility do not explain the volatility of the τ factor (first and second column), adjusted-Rsquared are close to zero although market volatility is significant and negative related, which means that in turbulent periods the weight of the behavioral component decreases in absolute terms, while in relative terms it can be seen in Figure 6 that the weights are distributed across type II (S-shaped utility function) and type III (disappointment theory), which are related both to the concept of loss aversion. It is worth noting that these two types of behavioral agents arise by the mid-2000s until 2003, while before that date the weights are concentrated mainly on Type I (Fishburn's utility function) and Type IV (Farinelli and Tibiletti's agent). We control also for the dimension of the investment universe n t , which could be a source of volatility in the factor since it directly affects the cardinality of the selection. Estimation results show a significant positive relationship, but with a coefficient very close to zero; the adjusted-R-squared is close to 12% (third column). Finally, the last column of Table 1 reports the estimation with all the covariates, which confirms the previous results.
Out of sample results
We conduct an out-of-sample application of the model by considering the time t the values τ * t and Θ * as the best predictor for t + 1 (a week ahead). In this regard, we perform the allocation from September 1977 to December 2014 and we initialize the portfolios with a value of 100. Table  ( 2) reports the descriptive analyses of the portfolios, while Figure 8 plots the cumulative returns among different agents. Over the full sample the best portfolio in terms of cumulative returns and Sharpe Ratio is the value-weighted market index. The second-best is the rational agent, without learning mechanism. Figure 9 shows the comparison among the rational learner agent, the rational agent (whom remains on her prior), the value-weighted and equally weighted market index, while table 3 reports the annual portfolios' statistics. The results suggest that, when focusing on a long investment period, about 37 years, rational choices seems the most profitable and the less risky. This is somewhat coherent with the perception that behavioral views might be subject to larger volatility that could thus induce a loss in terms of returns. On the contrary, the poor results with respect to the benchmarks are not surprising nor lead to a negative evaluation of our approach as the allocation strategies have not been created for the purpose of beating the benchmark, but rather with the purpose of highlighting the effect of the rational learning approach. In order to shed further light on the comparison among the various agents, we move to a yearly evaluation of the strategy performances. The Sharpe Ratio (last column), which is a performance measures related with the rational agent, shows that the rational learner mechanism was profitable during the years 1979, 1980, 1988, 1999, 2003, 2004, 2005, 2007, 2010, 2012, 2013 and 2014 (13 out 38) using Θ * t and τ * t as predictor for t + 1. Therefore, there are periods where the blending of rational views with behavioral views lead to an improvement of performances. Notably, the evidence is much stronger in the last 15 years, corresponding to the increase of direct trading by private/small investors, those who are more exposed to behavioral choices (we could think that a professional investor should make choices in a more rational way). As stated in Barber and Odean (2001) , the internet changed how information is delivered and the way agents can invest on this information. From the mid-90s the number of brokerage accounts began rapidly to expand opening the gate to access directly to the financial market even to the small investors. Meneu and Pardo (2004) investigated the existence of a pre-holiday effect in different assets due to the reluctance of small investors to invest on pre-holiday days. Their results show that institutional investors could have exploited this anomaly. In an analogous way, if we think about institutional investors as the rational ones, they should take into account the behavioral component, which is reasonably related to small and private investors. To further compare the approaches, we focus on the turnover reported in Figure  10 . The Rational Learner agent shows an higher turnover, which is due to the learning process that cause a larger volatility in the portfolio composition. Notably, at the end of the period, the turnovers are equal since the selection of the rational learner converges to that of the rational agent. Figure 11 shows the portfolio's composition according to the industrial composition benchmark. In the Appendix, we also report the figures for each behavioral agent. There is a degree of similarity among the behavioral agents as shown in Figure A .14-A.17, for instance on the weight attributed to the Utilities industry around 1997. On the other side, the rational agent in the same period gives more weight to Financial and Technology industry. Figure 11 shows the composition for the rational learner agent, which is clearly more volatile due to the composite selection. In fact, the portfolios' composition reflect the different preferences among the agents. Figure 12 shows the diversification index for the rational agent and the rational learner agent obtained as,
where s is the number of industries and ω i is the weight of each sector in the given portfolio. The average of the DI for the rational agent (GSR) in the period is equal to 0.6662, while for the rational learner agent (RL) is equal to 0.7012. The values are similar for both agents. It is worth noting that at the end of the period the portfolio's composition of the rational learner agent collapses into the composition of her prior (GSR). Clearly, in the out of sample case the portfolios' returns are better for the rational agent without the learning process. However, it is worth noting that these results strongly depend on the forecast made on τ t+1 and Θ t+1 .
Conclusion
In this paper, we present a heterogeneous agent model, which considers two decision makers; the classical risk-averse agent equipped with a HARA utility function and an agent with a general behavioral utility function. The HARA agent adopts a learning process by updating her beliefs according to the presence of a behavioral component. The learning process takes place in a Bayesian manner, where the model conjugates the choice of a HARA investor towards a behavioral counterpart with weighing factor τ . In our investigation, the rational investor adopts a herding behaviour in the selection of the portfolio constituents. This effect has been checked by estimating the weighting factor τ and the weight of each behavioral component Θ with an optimizing criteria. We performed an empirical analysis over all the assets listed in the NASDAQ and NYSE stock exchange from September 1972 to December 2014. In sample results show an improvement for the rational investor who adopts a learning process, modifying her choice in the evaluation of the assets with the behavioral counterpart. When the conditioning mechanism is no longer convenient τ goes very close to zero (as in last part of the sample, March 2013) showing its ability as learning factor since it quickly reacts to the market momentum. Moreover, the volatility of the τ * t factor is not driven by market returns, market volatility or changes in the investment universe. The relative weights of the behavioral component Θ * t suggests that different agents could capture different market momentum. Out-of-sample results are obtained using as best predictor for t + 1, τ * t and Θ * t . In this case, we show that in some period the learning process is convenient for the learner agent. Clearly, the results in the out of sample application strongly depend on the forecast methodology used for the τ and θ factors to obtain the aggregated performance measure in t + 1. This can be further refined as future extension given the persistence showed in the factors' dynamic. In our empirical analysis, the Bayesian learner investor with a HARA utility function has adopted a herding strategy; further research should also analyze a contrarian strategy allowing for negative weights on θ i , or a conditioning switching strategy. Table 2 : Descriptive analysis of realized portfolio returns. The columns report the cumulated returns obtained during the period 1977-2014, the annualized average monthly return and annualized variance, the minimum and maximum monthly returns, the skewness and kurtosis indices computed on weekly returns, the 5% value-at-risk and expected shortfall, and the Sharpe ratio. We report the rational agent (GSR), the rational learner agent (RL), the Fishburn agent (Z1), the S-shaped agent (Z2), the agent according to the Disappointment theory (Z3), and the Farinelli and Tibiletti agent (Z4). For the market we include the equally weight market index (ewMKT) and the value weighted market index. Table 3 : Descriptive analysis of realized portfolio returns. The columns report the cumulated returns obtained in each year during the period 1977-2014, the annualized average monthly return and annualized variance, the minimum and maximum monthly returns, the skewness and kurtosis indices computed on weekly returns, the 5% value-at-risk and expected shortfall, and the Sharpe ratio. We report the rational agent (GSR) and the rational learner agent (RL). For the market we include the equally weight market index (ewMKT) and the value weighted market index. 
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